Can communication power of separable correlations exceed that of
  entanglement resource? by Horodecki, Paweł et al.
ar
X
iv
:1
30
6.
49
38
v3
  [
qu
an
t-p
h]
  2
7 N
ov
 20
14
Can communication power of separable correlations exceed that of entanglement
resource?
Pawe l Horodecki,1, 3 Jan Tuziemski,1, 3 Pawe l Mazurek,2, 3 and Ryszard Horodecki2, 3
1Faculty of Applied Physics and Mathematics, Technical University of Gdan´sk, 80-952 Gdan´sk, Poland
2Institute of Theoretical Physics and Astrophysics, University of Gdan´sk, 80-952 Gdan´sk, Poland
3National Quantum Information Centre of Gdan´sk, 81-824 Sopot, Poland
(Dated: September 22, 2018)
The scenario of remote state preparation with shared correlated quantum state and one bit of
forward communication [B. Dakic´ et al. Nature Physics 8, 666 (2012)] is considered. Optimisation
of the transmission efficiency is extended to include general encoding and decoding strategies. The
importance of use of linear fidelity is recognized. It is shown that separable states cannot exceed the
efficiency of entangled states by means of ”local operations plus classical communication” actions
limited to 1 bit of forward communication. It is proven however that such a surprising phenomena
may naturally occur when the decoding agent has limited resources in the sense that either (i) has
to use decoding which is insensitive to change of coordinate system in the plane being in question
(which is the natural choice if the receive does not know the latter) or (ii) is forced to use bistochastic
operations which may be imposed by physically inconvenient local thermodynamical conditions.
PACS numbers: 03.67.-a, 03.67.Hk, 03.65.Ud
Introduction .- It was recognized that quantum corre-
lations provide a resource for special tasks such as com-
puting [1], teleportation [2], dense coding [3]. Originally
the quantum advantage in realization of those task was
due to quantum entanglement. However there is a more
general phenomenon of quantum correlations involving
the correlations beyond entanglement (see [4] and refer-
ences therein). It turned out that efficiency of the pro-
tocols involving the latter may also exceed the efficiency
of any classical solution of Deutsch-Jozsa problem [5], [6]
or Knill-Laflamme scheme [7]. Quite recently two pro-
posals of application of quantum correlations beyond en-
tanglement (QCBE) have been provided. One of them
have theoretically and experimentally supported the sig-
nificance of their role in the analogue of quantum dense
coding [8] on the level of continuous variables. The other
[9] has addressed the issue of the importance of QCBE
for the remote state preparation (RSP). Since RSP is one
of the significant building blocks in quantum communica-
tion the question is very important. It has already been
adapted to weak entanglement scenarios including bound
entanglement [10] and preliminary results concerning ad-
vantage of QCBE in specific variant of RSP have been
obtained [11]. The paper [9] announces the surprising
possibility of the fact that in some cases the communi-
cation power of QCBE represented by separable states
may exceed that of some entangled ones. The authors
have also provided the direct connection of the transfer
fidelity they have chosen to measure (called geometrical
discord) of quantum correlations of the resource state.
However this conclusion - unlike the experimental results
of the paper fully transparent and impressive - seems to
be not fully justified.
First of all the (quadratic) measure of transfer fidelity
may be highly misleading. For instance, any classical
deterministic strategy of Bob preparing completely ran-
domly the pure qubit state on the preagreed circle exceeds
efficiencies of the originally proposed schemes in [9] (see
[12]). This makes the presence of shared quantum state
irrelevant not speaking about need of classical communi-
cation resource.
Moreover, only the specific class of protocols are con-
sidered, involving von Neumann measurements (unitary
operations) on Alice (Bob) side. In fact it was suggested
in [13] that the conclusion presented in [9] may be caused
by the usage of non-optimised protocol on Bob’s side.
This shows that the correct figure of merit of the state
transfer in RSP protocol should be the standard linear
one (see [14]).
Before detailed analysis it is always important to make
consistent assumptions about the resources. In the stan-
dard LOCC paradigm the local Bloch coordinates (refer-
ence frame) are assumed to be known and the observers
are allowed to use that knowledge (e.g. as for the tele-
portation). However here, unlike in the teleportation
scheme, the state is known to Alice, so to prevent di-
rect classical transmission of its description one should
put the restriction on the classical channel. The natural
choice - compatible with the original scheme of RSP -
is to allow for one bit of classical communication from
sender to the receiver. So the above LOCC scheme with
(i) known local Bloch coordinates and (ii) 1 bit of forward
(form Alice to Bob) communication allowed we shall call
here 1-way LOCC with 1 classical bit of information and
denote LOCC→,1 (see [12]).
As we shall prove in this paper, for linear fidelity and
fully optimised encoding and decoding strategies, work-
ing under assumption of LOCC→,1, there is no chance
for separable state to beat entanglement efficiency as a
resource in any RSP protocol. Then the basic question
2arises if there is any other natural scenario in which the
above statement does not hold. The result of [9] give the
strong evidence that it may be so in cases, when decod-
ing is insensitive to change of coordinates in the sender’s
plane. However it is based on misleading fidelity and,
for instance, not naturally restricted use of decoding and
encoding schemes.
Here we state the problem in a natural perspective.
We use the correct fidelity and consider the other classes
of the protocols ie. the one in which the Bob action
should be invariant under the rotation in the plane form
which the qubit state comes from and the other when he
is forced to use bistochastic operations. The first class
is a very natural choice if Bob has no way to infer the
Bloch reference frame of Alice and it will be called invari-
ant decoding (Γinvariant). The second restriction may be
caused by infinite temperature of Bob’s working environ-
ment (Γbistochastic). We prove by explicit analysis that
both in above cases the QCBE may work better. More-
over, we find that final protocol, which was found to be
optimal under the quadratic fidelity and narrow class of
protocols [9], happens to stay optimal (see [12]) in the
two scenarios under correct, linear fidelity.
Note, that in the second scenario the final linear fidelity
for Bell diagonal states depends on the same parameters
as geometrical discord. In particular our results show
that to some extent the intuition behind the paper [9]
was correct.
FIG. 1. General scheme of RSP. For structure of initial
data see Fig 2. The measurement M is a quantum POVM
and Λi is the decoding channel (see main text for detail of
parametrisation). The decoding channels Λi are supposed to
belong to a fixed class Γ. In this paper we consider the most
general class of all quantum channels Γgeneral and restricted
classes: channels invariant in the sˆ plane Γinvariant (for details
see text) and the bistochastic channels Γbistochastic.
Most general RSP protocol with one bit of forward
communication.- The protocol aims to prepare at Bob’s
side as precisely as possible the state with a Bloch vec-
tor sˆ (perpendicular to a given unit vector βˆ) which is
known to Alice and not known to Bob. They share bipar-
tite state ρAB and Alice is allowed to send only one bit
to Bob. The transmission fidelity is averaged over the
unit circle constituted by all vectors on the plane per-
pendicular to βˆ. In the present analysis Alice is allowed
to perform any generalised quantum measurement (so
called POVM) while Bob is authorised to apply any gen-
eral quantum operation represented by quantum channel.
The Alice and Bob initial two-qubit state is
ρ = ρ(~x, ~y;T ) =
1
4
[I⊗I+~x~σ⊗I+I⊗~y~σ+
∑
ij
Tijσi⊗σj ].
(1)
The most general form of Alice binary POVM must be
a function of the following family of parameters A =
{~a, a+, a−} and is defined by the formula M± = a±I ±
~a~σ with the probability-like parameters a± and vector ~a
satisfying the conditions
a+ + a− = 1, 0 ≤ a± ≤ 1,
||~a|| ≤ min[a+, a−] ≤ 1
2
, (2)
where in general both a± and ~a are functions of the unit
vector sˆ perpendicular to βˆ which has a fixed orientation
during the protocol. Finally the payoff function of the
protocol is minimised over βˆ.
The resulting probabilities of the Alice outcomes on
the state (1) and the resulting states ρ± on Bob side are
defined by the relations
p± ≡ TrAB[M± ⊗ Iρ] = (a± ± ~a~x), (3)
p±ρ± ≡ TrA[M± ⊗ Iρ] =
=
1
2
[(a± ± ~a~x)I + (±T~a+ a±~y)~σ].
Bob is allowed to perform channels Λ± which depend
upon the result ± of the Alice measurement and act on
any qubit state ρ(~u) = 12 (I + ~u~σ) as
Λ±[ρ(~u)] =
1
2
[I + (T±~u+ ~v±)~σ]. (4)
Note that by standard convexity arguments the decod-
ing channels may always be chosen to be extremal.
After the action of Λ± the final Bob state is
ρ˜B =
∑
r=±
prΛr(ρ
(r)
B ) =
1
2
(I + ~r~σ), (5)
with the final Bob Bloch vector
~r =
∑
r=±
Tr(ar~y + rT~a) + (ar + r~a~x)~vr ]. (6)
Probabilistic fidelity .- For fixed sˆ the probabilistic fi-
delity of the success in remote state preparation of a
pure state ρ(sˆ) = 12 (I + sˆ~σ) is defined as (see [14]):
F (sˆ) = 12 (1 + ~rsˆ). Averaging over sˆ gives F¯ =
1
2 (1 +G),
where the fidelity parameter is
G = G(ρ; βˆ;A, T ) =
∫
dsˆ(~rsˆ) = (7)∫
dsˆ[(T+ − T−)T~a+ (~v+ − ~v−)~x~a+
a+(T+~y + ~v+) + a−(T−~y + ~v−)]sˆ.
3Here ρ = ρ(~x, ~y, T ), βˆ defines the plane to which the
vectors sˆ belongs and the explicit dependence on the
encoding A = {~a, a+, a−} and decoding strategy T =
{T+, ~v+;T−, ~v−} is written. The full range of parameters
describing the encodingA is written explicitly in (2). The
range of parameters T is determined by the structure of
the extremal one-qubit channels [? ].
Optimal RSP protocol for separable states. Advantage
of entangled states in LOCC→,1.- Here we keep the as-
sumption of LOCC→,1 in which Alice and Bob naturally
share the reference frame on the Bloch sphere. We may
choose the coordinates as
{
βˆ, eˆ, eˆ′
}
where βˆ× eˆ = eˆ′ and
{eˆ, eˆ′} represent the coordinates system in the sˆ plane.
Because fidelity is convex, for separable states it is suf-
ficient to consider pure states. For pure states p± =
a±(sˆ) + ~a(sˆ)ξˆ, where ξˆ is Alice Bloch vector. The re-
duced state of Bob is ρ± = 12 (I + ~n±σˆ), where ~n±
is Bob Bloch vector transformed by respective channel.
Then (8) is of a form G = 12
∫
dsˆp+(sˆ) (~n+(sˆ)− ~n−(sˆ)) sˆ.
The bracket (~n+(sˆ)− ~n−(sˆ)) sˆ attains maximal value for
~n+ = eˆ, ~n− = −eˆ (~n+ = −eˆ, ~n− = eˆ) such that eˆsˆ > 0
(eˆsˆ < 0), where eˆ is an a priori known unit vector (see
above). Then setting p+(sˆ) = 1 is optimal. In this case
Alice POVM reduces to identity and Bob prepares vector
±eˆ depending on the sign of eˆsˆ. Note that this protocol
is independent of an input state and its fidelity is
F¯ =
1
2
(
1 +
2
π
∫ pi
2
0
dθ cos θ
)
=
1
2
(
1 +
2
π
)
. (8)
As a result using separable states cannot lead to better
fidelity than using entangled states (F¯ (ρent) ≥ F¯ (ρsep)).
In the case when for an entangled state there is no better
strategy one can always use this protocol. In order to
answer the question in what scenario separable states
can have advantage over entangled states we will perform
optimisation over Alice POVMs.
Optimisation over Alice POVMs for arbitrary quantum
state .- Optimisation of the formula (8) over the strate-
gies A can be performed as follows (see [12]): we have
three sets in the unit circle on the sˆ plane: Ω0, Ω± de-
fined as Ω0 = {sˆ : sˆβˆ = 0, ||MT sˆ|| ≥ |(~V+− ~V−)sˆ|},Ω+ =
{sˆ : sˆβˆ = 0, ||MT sˆ|| < (~V+ − ~V−)sˆ},Ω− = {sˆ : sˆβˆ =
0, ||MT sˆ|| < (~V− − ~V+)sˆ}, where M = (T+ − T−)T +
(|~v+〉 − |~v−〉) 〈~x|, ~V+ = (T+~y + ~v+), ~V− = (T−~y + ~v−).
Let us define Ω+0 = −Ω−0 as any of two subsets of original
Ω0 such that Ω0 = Ω
+
0 ∪Ω−0 . The final formula optimised
over A is of the form
maxAG(ρ; βˆ;A, T ) =∫
Ω+0
dsˆ||MT sˆ||+
∫
Ω+
dsˆ(~V+ − ~V−)sˆ. (9)
Optimisation in the case of Γinvariant.- In this sec-
tion we will investigate a case of the protocol, in which
Bob’s strategy is independent of the setting on Alice
side. This means that Alice, after establishing decod-
ing strategy with Bob, can e.g. change type of input
state by choosing different angle ϕ or her coordinates
system in the plane orthogonal to βˆ and Bob’s strat-
egy should remain optimal. As a consequence, this
strategy cannot depend on the parametrisation of the
input Bloch vector. Technically in this case decod-
ing operations should be restricted to the class, which
is invariant under averaging in the plane orthogonal
to βˆ or always look the same after any rotation in
that plane. We will denote this class as Γinvariant.
For operations belonging to Γinvariant we have that
T ({T±} , {v±}) = T˜
({
T˜±
}
, {v˜±}
)
, where T˜± =
1
2π
∫ 2π
0 dϕOsˆ(ϕ)T±O
T
sˆ (ϕ), ~˜v± =
1
2π
∫ 2π
0 dϕOsˆ(ϕ)~v±,
where Osˆ(ϕ) denotes rotation in the sˆ plane. As a
result of averaging T˜± = diag[t±, T˜
(1)
± ], where |t±| ≤
1,
∥∥∥T˜ (1)± ∥∥∥ ≤ 1 and T˜ (1)± are 2x2 matrices acting in the sˆ
plane an invariant under any rotation T˜
(1)
± = OT˜
(1)
± O
T .
The use of this class is natural also from game-like per-
spective: let us allow Bob to use arbitrary channel T .
Since he does not know the coordinates he must aver-
age his decoding strategy over all possible orientations of
reference frame on the sˆ plane. This results in decoding
from Γinvariant. As a consequence we get that ~˜v± have
no components parallel to sˆ :
~rsˆ =
∑
r=±
[T˜ (1)r (ar~y + rT~a)]sˆ. (10)
By setting M = (T˜
(1)
+ − T˜ (1)− )T and ~V± = T˜ (1)± ~y and
inserting it into (9), we obtain optimised formula for
maxAG(ρ(~x, ~y, T ); βˆ;A, T˜ ). In the case of an isotropic
correlations T = −λI we have following facts:
Fact 1.- We can always decompose ~y as
~y = ‖yˆ‖
[
αuˆ+ (1 − α)βˆ
]
. Then the formula
maxAG(ρ(~x, ~y,−λI); βˆ;A, T˜ ) is monotonic function
of parameter α = |~yuˆ|.
Fact 2.- The optimisation over the Γinvariant class
(which naturally corresponds to the situation with an un-
known coordinates system, as in case b) of Fig. 2) yields
minβˆmaxA,T˜G(ρ(~x, ~y,−λI); βˆ;A, T˜ ) = λ and then con-
sequently
F¯invariant(ρ(~x, ~y,−λI)) = 1
2
(1 + λ) . (11)
For details of the proofs of the above see [12]. Now fol-
lowing [9] consider the following class: ρ(tzˆ, tzˆ,−λI); or
in other words the states with the parameters: T = −λI,
~x = ~y = tzˆ where the positivity condition determines
the following range of parameter t: |t| ≤ 1−λ2 . For
any fixed nonzero λ there are entangled states in that
class namely the ones satisfying in addition the inequal-
ity |t| > 12
√
1− 2λ− 3λ2. All of those entangled states
ρ(~x, ~y,−λI) with λ < 13 will - due to the Fact 2 - have
4worse RSP fidelity (under the restriction of unknown co-
ordinate system) than the separable states ρ(~0,~0,−λ′I)
with λ′ ∈ (λ, 13 ) . (This comprises as special cases con-
sidered in Ref. [9]: the separable case λ′ = 13 , t = 0 and
an entangled one with λ = 15 , t =
2
5 ). The overall conclu-
sion is that whenever Bob does not know the coordinates
of Alice in the sˆ plane then entanglement may be less
useful than quantum correlations beyond it, i.e. the ones
contained in separable states.
FIG. 2. Initial data for Alice and Bob with a) or without b)
shared reference frame on the sˆ plane.
Optimal RSP in the case of bistochastic channels for
Bell diagonal states .- Let us consider a situation when
temperature of Bob’s environment is infinite. Then he is
restricted to use bistochastic channels. Detailed analysis
shows that for Bell diagonal states the formula (9) can
be fully optimised. Here by Bell diagonal states we mean
all the states that are local unitary (i.e. U1 ⊗ U2 type)
rotations of the states diagonal in the standard Bell ba-
sis Ψ± = 1√2 (|00〉 ± |11〉) and Φ± = 1√2 (|01〉 ± |10〉). It
is known that [15] all such states can be represented by
ρ(~0,~0, T ). Then after some algebra (see [12]) one gets
minβ maxA,TˇG(ρ(~0,~0, T ); βˆ;A, Tˇ ) = 2|t2|π E
(√
1− t21
t22
)
and
F¯bistochastic =
1
2
[
1 +
2|t2|
π
E
(√
1− t
2
1
t22
)]
, (12)
where t21, t
2
2 are two lowest eigenvalues of T
TT , E(x)
is complete elliptic integral of the second kind [16]
and Tˇ denotes Bob bitochastic decoding. In this case
it is also possible to show that there exists separa-
ble states leading to higher fidelity of RSP protocol
than entangled states. Let us consider two Bell di-
agonal states with following correlation tensors: T1 =[− 13 ,− 13 ,− 13] , T2 = [− 13 − 2ǫ,− 13 + ǫ2 ,− 13 + ǫ2] with
ǫ > 0. The set of separable Bell diagonal states is
specified by condition |t1| + |t2| + |t3| ≤ 1. Clearly the
state corresponding to T1 is separable whereas that cor-
responding to T2 is not. Using (12) one immediately
obtains that F¯bistochastic(ρ(~0,~0, T1)) =
2
3 >
2
3 − ǫ4 =
F¯bistochastic(ρ(~0,~0, T2)).
Interestingly (12) depends only on the two smallest
eigenvalues of TT T . Since the geometric discord is in
this case of the form D(ρ(~0,~0, T )) = 14 (t
2
1 + t
2
2) the op-
timised fidelity depends on the same parameters like the
one used in [9]. This shows that in the case of bistochastic
decoding the presented result based on standard fidelity
and the one based on quadratic fidelity are consistent.
Conclusions .- It is known that quantum correlations
without entanglement, contained in separable states may
be useful in quantum information processing. The basic
issue is whether they may outperform entanglement in
any case. Our analysis shown that one should be careful
in comparison of the two resources. In fact two-qubit sep-
arable states cannot outperform two-qubit entanglement
in the process of remote state preparation of quantum
bit under most general assumptions ie. LOCC protocol
natural for the problem - the one with classical commu-
nication restricted to one bit of forward communication.
This lies in the heart of the balance of quantum resources
within so called LOCC scenario: whenever initial en-
tanglement is too weak, Bob may remove entanglement
and prepare the optimal state on his own still achieving
the best efficiency provided by all separable correlations
based protocols. Thus any protocol with initial entangle-
ment cannot be worse than the one with separable state.
The apparent contradictions to the above may only
take place if one use nonstandard figure of merit. To
be correct the latter must make a difference between the
orthogonal states in any basis and the standard linear
fidelity works well from that perspective.
However it turns out that all the above does not pre-
vent quantum information from ,,quantum separability
advantage” in the cases when the users have extra re-
strictions, somehow very natural, on the operations they
are allowed to apply. Here we have shown that if in the
RSP protocol of a qubit state with two-qubit correlations
the receiver is restricted to the decoding class, which re-
flects his ignorance about the coordinates in the plane
the origin state comes from, then separability can work
better than entanglement. The second scenario when the
latter may happen is the one when the receiver is forced
to use bistochastic decodings. Then, whenever Alice and
Bob share Bell diagonal quantum state, the linear fidelity
of the protocol depends on the same set of parameters as
geometric quantum discord.
The latter result is even more intriguing, when one re-
alises that the restriction of bistochastic character of the
decoding may be interpreted as a presence of ,,thermody-
namically unsuitable” anciallas namely those of infinite
temperature. Note that in this case quantum correlations
beyond entanglement help better than entanglement it-
self and that one option to discriminate those correlations
form classical ones is just the thermodynamical picture of
local engines (see [17, 18]). This suggests that possible
thermodynamical perspective of the discussed protocol
(and also practical aspects of other protocols aimed in
using quantum correlations beyond entanglement) should
be examined more in future.
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Supplemental Material .-
The structure of Supplemental Material is as follows:
firstly we restate the scenario considered in [9] and sup-
port our claim that using quadratic figure of merit is
misleading because any classical deterministic strategy
of Bob preparing pure state along arbitrary fixed axis ex-
ceeds efficiencies of the originally proposed protocol in [9].
We calculate the fidelity of such protocol. Then firstly
we introduce definitions of possible LOCC with restricted
amount of communication. Subsequently we provide de-
tailed derivation of optimised fidelity over Alice POVMs
for arbitrary quantum state as well as optimisation in
the case of Γinvariant for isotropic correlations and in the
case of biostatistic channels for Bell-diagonal states.
The protocol of Ref. [9] and the fidelity issue.- In Ref.
[9] the authors consider the specific subclass of the pro-
tocols from Fig. 1 of the main text, ie. they only allow
von Neumann measurement M and very specific unitary
decodings (Λ+ = I, Λ− = −I) that correspond to iden-
tity or reflection on the considered circle on the Bloch
sphere. They also exploit the quadratic transfer fidelity:
P =
∫
dsˆ(sˆ~r)2 (13)
Here the vector sˆ corresponds to the Bloch vector of the
qubit state of Alice ρ(sˆ)12 (I + sˆσ) that is to be prepared
on Bob side. Its description is included in the Alice data
CA depicted on Fig. 1, and explained in Fig. 2 of the
main text. The central assumption is that the Bloch
vector of Alice qubit is chosen randomly from the circle,
location of which is determined by some unit vector βˆ
(since the circle is located on the plane perpendicular to
βˆ). While the Ref. [9] does not specify which of the two
structures of the Bob’s data of Fig. 2 it considers, it
seems to tacitly assume the case b) which does not allow
Bob to know the reference frame in the considered plane.
After the protocol Bob gets the final state ρ˜B (see Fig.
1 of the main text) and its Bloch vector is put into the
formula (13) above.
For given shared state ρAB the fidelity (13) is first max-
imised over all allowed protocols (which are (i) Alice von
Neumann measurement plus (ii) Bob specific unitary en-
coding) and then minimised with respect to the orienta-
tion of the vector βˆ which gives for an initial state ρAB
the optimal quadratic fidelity Popt.
The authors find quantumly correlated (in a standard
sense, reported by nonzero geometric discord in their pa-
per) but non-entangled Werner state ρAB = ρ(0, 0,−λ′I)
(here I is the 3x3 identity matrix, see the formula (1))
with λ′ = 13 for which Popt = 125 is strictly larger than its
value Popt = 19 offered by the following entangled state
ρAB = ρ(tzˆ, tzˆ,−λI) with t = 15 and λ′ = 25 .
On that basis the conclusion of Ref. [9] is made, that
quantum correlations beyond entanglement represented
by non-zero discord of the separable state above make
quantum correlations beyond entanglement better then
entanglement itself in remote state preparation.
However the incorrect choice of the (quadratic) fidelity
ruins this conclusion in the most natural, practical sense.
It turns out that - unless we specify explicitly restrictions
(as done in the main part of the present paper) - in both
two cases there exist a trivial protocol which supersedes
them. In fact given any of the two-qubit states above Bob
may ignore the Alice message and just take randomly
chosen state ρ˜B with its Bloch vector randomly located
on the circle perpendicular to βˆ and get the fidelity 12
which is much better than 125 and
1
9 above. Indeed con-
sider a case of the protocol in which Bob, regardless of
the Alice message, produces at random a pure state with
a Bloch vector belonging to the sˆ plane. Employing fi-
delity proposed in [9] we obtain
F = min
βˆ
〈
(rˆsˆ)2
〉
=
〈
(rˆsˆ)2
〉
=
∫
d sˆ(rˆsˆ)2 = (14)
1
2π
∫ 2π
0
d ϕ cos2 ϕ =
1
2
,
where we used the invariance of the measure on the unit
circle. Because this fidelity is higher than these consid-
ered in [9] (19 and
1
25 for separable and entangled state
respectively), it may seem that the random protocol is
better choice than more sophisticated strategies. How-
ever, this is only because of misleading choice of protocol
fidelity.
LOCC with restricted amount of communication .-
Here we introduce formal definitions of possible sub-
classes of LOCC with certain amount of restricted com-
munication in each round
Class of ”one-way” forward LOCC operations with re-
stricted amount of communication .- Using this class of
operations Alice is allowed to send only certain number of
bits to Bob, eg. in the case of RSP protocol only one bit
can be sent. These operations belong class C2a described
in [20]. We will denote operation belonging to this class
as LOCC→,c, where c is fixed number of forward classical
bits of communication.
Class of ”one-way” backward LOCC operations with
restricted amount of communication .- The situation is
the same as in the above class but with the roles of Alice
and Bob interchanged. These operations belong class
C2b described in [20]. In analogy to the previous case,
we will denote this class as LOCC←,c.
Class of class of ”two-way” operations with restricted
amount of communication .- In this class Alice and Bob
are allowed to send only certain number of bits to each
other. Note that in general numbers do not have to be
6equal ie. Alice can be allowed to send different number
of bits than Bob. These operations belong class C3 de-
scribed in [20]. In analogy to the previous cases, we will
denote this class as LOCC↔,c. Note that here the index
c represents the sequence of numbers that put the limits
on the communicated bits in each round of the protocol
since one allows many rounds of communication.
Optimisation over Alice POVMs .- Here we shall opti-
mise the quantity
G =
∫
dsˆ[(T+ − T−)T~a+ (~v+ − ~v−)~x~a+
a+(T+~y + ~v+) + a−(T−~y + ~v−)]sˆ
with respect to A (to be concise we shall omit all the
arguments in its notation). Define the matrixM = (T+−
T−)T + (|~v+〉 − |~v−〉) 〈~x|, and ~V+ = (T+~y + ~v+), ~V− =
(T−~y + ~v−). Then the above function is of the form
G =
∫
dsˆ[M~a+ a+~V+ + a−~V−]sˆ,
where the vector ~a and the scalars a± depend in general
on sˆ and satisfy the conditions (2) (main text). Let us
put ~a = aaˆ, where 0 ≤ a = ||~a|| ≤ a±. Clearly the best
choice to maximise the value of G is to put aˆ parallel to
the vectorMT sˆ or, in other words, aˆ = M
T sˆ
||MT sˆ|| . Then the
value of the integral becomesG =
∫
dsˆa[||MT sˆ||+a+~V++
a−~V−]sˆ, which may be further optimised with respect to
a by taking its maximal allowed value a = min[a+, a−].
Eventually, this gives the function optimised over ~a for
fixed a± and all the other parameters:
G =
∫
dsˆ||[MT sˆ||min[a+, a−] + a+~V+ + a−~V−]sˆ.
Using notationM ′ = ||[MT sˆ|| ≥ 0, A± = ~V±sˆ, we may
carefully consider the maximum of
f(p) =M ′min[p, 1− p] + pA+ + (1− p)A− (15)
over the interval p ∈ [0, 1], where we put p = a+ and
1 − p = a− for conciseness. The above function has the
following maxima:
(a) if M ′ ≥ |A+ − A−|, then maxp∈[0,1]f(p) =
M+A++A−
2 achieved at p =
1
2 ;
(b) ifM ′ < |A+−A−|, then either (i)maxp∈[0,1]f(p) =
A+ for A+ − A− > 0 (achieved at p = 1) or (ii)
maxp∈[0,1]f(p) = A− for A− − A+ > 0 (achieved at
p = 1).
In case (a) the strategy of Alice is naturally the one
of Ref. [9]; she performs the von Neumann measure-
ment with the projections P±aˆ = 12 (I ± aˆ~σ). An in-
triguing strategy of Alice in case (b) is that she just
does nothing (since then the POVM is the identity) and
puts the message r to Bob depending on the sign of
(A+ − A−) = (~V+ − ~V−)sˆ. Quite remarkably this strat-
egy gives always nonnegative contribution form the part
of the integral (15) involving the vectors ~V±.
We have then the three sets in the unit circle on the sˆ
plane: Ω0, Ω± defined as
(i) Ω0 = {sˆ : sˆβˆ = 0, ||MT sˆ|| ≥ (~V+ − ~V−)sˆ}; (ii)
Ω+ = {sˆ : sˆβˆ = 0, ||MT sˆ|| < (~V+− ~V−)sˆ}; (iii) Ω− = {sˆ :
sˆβˆ = 0, ||MT sˆ|| < (~V− − ~V+)sˆ}.
The final formula optimised over A is of the form
maxAG(ρ(~0,~0, T ); βˆ;A, T ) =∫
Ω0
dsˆ
||MT sˆ||+ ~V+sˆ+ ~V−sˆ
2
+∫
Ω+
dsˆ~V+sˆ+
∫
Ω−
dsˆ~V−sˆ. (16)
We have also a following
Observation .-
i) Ω0 = −Ω0, Ω0 is symmetrical, ii) Ω+ = −Ω−, i.e.
after the reflection the sets are equal.
From i) we get that
∫
Ω0
dsˆ
||MT sˆ||+~V+sˆ+~V−sˆ
2 =∫
Ω0
dsˆ
||MT sˆ||
2 , and from ii)
∫
Ω+
dsˆ~V+sˆ +
∫
Ω−
dsˆ~V−sˆ =∫
Ω+
dsˆ(~V+ − ~V−)sˆ. Let us define Ω+0 = −Ω−0 as any of
two subsets of original Ω0 such that Ω0 = Ω
+
0 ∪ Ω−0 .
The final formula optimised over A is of the form
maxAG(ρ; βˆ;A, T ) ≡ G(ρ; βˆ;A∗, T )∫
Ω+0
dsˆ||MT sˆ||+
∫
Ω+
dsˆ(~V+ − ~V−)sˆ, (17)
where A∗ denotes optimal Alice measurement (either von
Neumann or trivial one).
Proof of Fact 1 .- Let us consider α′ > α, where
α = |~yuˆ|. Parameters α, α′ correspond to two differ-
ent orientations of ~y with respect to sˆ plane ie. ~y =
‖yˆ‖
[
αuˆ+ (1− α)βˆ
]
and ~y′ = ‖yˆ‖
[
α′uˆ+ (1− α′)βˆ
]
. For
α′ (α) we will denote solutions of inequalities defining
the sets as Ω+
′
0 , Ω
′
+, (Ω
+
0 , Ω+), similarly ||MT sˆ|| = f ′
( ~V ′+ − ~V ′−)sˆ = g′ (||MT sˆ|| = f (~V+ − ~V−)sˆ = g). Let
us recall that here we consider only the restricted class
of the invariant (equivalently averaged) decodings T˜ . It
follows from the definition of the sets that Ω+
′
0 < Ω
+
0
and Ω
′
+ > Ω+ as well as f
′ = f = λ||(T˜ (1)+ − T˜ (1)− )T sˆ||.
We can rewrite g′ as g′ = (T˜ (1)+ − T˜ (1)− )~y′sˆ = ~y′(T˜ (1)+ −
T˜
(1)
− )
T sˆ = ~y′ ~w(sˆ) and as a consequence the following rela-
tion holds g′ = ~y′ ~w(sˆ) =
∥∥∥~y′∥∥∥α′uˆ ~w(sˆ) = ‖~y‖α′uˆ ~w(sˆ) >
‖~y‖αuˆ~w(sˆ) = g . Thus we can write
max
A
G(ρ; βˆ′;A, T˜ ) =
∫
Ω+
′
0
dsˆf ′ +
∫
Ω
′
+
dsˆg′ = (18)
∫
Ω+
′
0
dsˆf +
∫
Ω
′
+\Ω+
dsˆg′ +
∫
Ω+
dsˆg′ ≥
∫
Ω+
′
0
dsˆf +
∫
Ω
′
+\Ω+
dsˆf +
∫
Ω+
dsˆg =
∫
Ω+0
dsˆf +
∫
Ω+
dsˆg = max
A
G(ρ; βˆ;A, T˜ ).
7As a result, for α′ > α it holds that
maxAG(ρ; βˆ′;A, T˜ ) ≥ maxAG(ρ; βˆ;A, T˜ ).
Proof of Fact 2 .- It follows from the Fact 1 that
maxAG(ρ(~x, ~y,−λI); βˆ;A, T˜ ) is monotonic in α param-
eter, where α = |~yuˆ|. Let us consider a simple
Lemma .- Let f(a, x) will be a function with a ∈
[a0, a1] and x ∈ Ω ⊂ Rn where Ω is compact. Sup-
pose that (i) for any a ≤ a′ and for any x one has
f(a, x) ≤ f(a′, x); (ii) the x(a) is some (may be not
unique) point realising maximum of f(a, x) over x for
fixed a, i.e. f(a, x(a)) = maxxf(a, x). Then the
function f(a, x(a)) is monotonic in a. As a result
mina∈[a0,a1]maxx∈Ωf(a, x) = maxx∈Ωf(a0, x)
Proof of Lemma .- Consider any a ≤ a′. Then we
have f(a, x(a)) ≤ f(a′, x(a)) ≤ f(a′, x(a′)), where the
first inequality follows from (i) and the second one from
(ii).
Coming back to the proof of the Fact 2 we may put in
place of a ∈ [a0, a1] in the Lemma above the parameter
α ∈ [0, 1] and in place of x all the other parameters con-
tained in the sets A, T˜ getting the desired monotonicity
in Fact 2.
As a result of the Fact 2 we can set α = 0 which implies
βˆ∗ = yˆ Ω+0 = (0, π), Ω+ = ∅ (what corresponds to von
Neumann measurement of Alice).
minβˆmaxA,T˜G(ρ(~x, ~y,−λI); βˆ;A, T˜ ) = (19)
minβˆmaxT˜G(ρ(~x, ~y,−λI); βˆ;A∗, T˜ ) =
maxT˜G(ρ(~x, ~y,−λI); βˆ∗ = yˆ;A∗, T˜ ) =
max
T˜
(1)
+ ,T˜
(1)
−
∫
Ω+0
dsˆλ||(T˜ (1)+ − T˜ (1)− )T sˆ|| = λ
since (i) α = 0 implies ~y||βˆ, (ii) the triangle inequality
||(T˜ (1)+ − T˜ (1)− )T sˆ|| ≤ ||(T˜ (1)+ sˆ|| + ||T˜ (1)− sˆ|| ≤ 2 is satu-
rated for the T˜
(1)
± = ±I choice and (iii) dsˆ represents
the measure on the plane dsˆ = dϕ2π . Alice measurement
is determined by aˆ = M
T sˆ
||MT sˆ|| . The choice of T˜
(1)
± = ±I
implies thatM = 2λI acts on the circle which eventually
determines the Alice von Neumann measurement aˆ = sˆ.
The latter together with T˜
(1)
± = ±I shows that the proto-
col optimal under quadratic fidelity in [9] is also optimal
here.
Derivation of formula (12) (main text) for Bell diag-
onal states and bistochastic decodings.- Maximisation∥∥MT sˆ∥∥ over bistochastic decoding strategies Tˇ gives
Tˇ+ = I and Tˇ− = −I - rotation about βˆ direction.
Is not difficult to see, that as in the case of LOCC→,1
the optimal von Neumann measurement is determined
by aˆ = sˆ. Again, for fixed βˆ, the protocol from [9]
turns out to be optimal. Now we should show that
the minimisation of the protocol fidelity over βˆ is pro-
vided for circle Ω, which contains all versors sˆ orthogo-
nal to the eigenvector corresponding to the largest eigen-
value of TT T . This means that RSP of pure states
FIG. 3. Relation between two coordinates systems. Plane
containing circle Ω is orthogonal to βˆ. In this plane the
unit versor sˆ is parametrised be ϕ angle and g(sˆ(ϕ, 0))) =√
〈sˆ(ϕ, 0)| TT T |sˆ(ϕ, 0)〉 . Plane containing Ω′ is rotated with
respect to that containing Ω. Versor sˆ′ in the plane containing
Ω′ can be again parametrised by ϕ and we have g(sˆ′(ϕ′(ϕ))) =√
〈Rβ(µ)Ry(η)sˆ(ϕ, 0)| TT T |Rβ(µ)Ry(η)sˆ(ϕ, 0)〉.
with Bloch vectors sˆ from that circle is the least con-
venient from the point of view of transfer fidelity. For
Bell states TT T = diag[t21, t
2
2, t
2
3], t
2
3 ≥ t22 ≥ t21. Let us
parametrise all sˆ ∈ Ω (and hence orthogonal to the eigen-
vector corresponding to the largest eigenvalue of TT T ) by
ϕ angle. Let us denote maxA,Tˇ G(ρ(0, 0, T ); βˆ;A, Tˇ ) =
1
2π
∫ 2π
0
dϕg(sˆ(ϕ, θ(ϕ))), where in this case θ(ϕ) is trivial
ie. θ(ϕ) = 0 . In this setting we have we have
max
A,Tˇ
G(ρ(0, 0, T ); βˆ;A, Tˇ ) = (20)∫
dsˆ
∥∥∥[(Tˇ+ − Tˇ−)T ]T sˆ∥∥∥ = 2
∫
dsˆ
∥∥T T sˆ∥∥ =
2
∫
dsˆ
√
〈sˆ|TT T |sˆ〉 =
1
2π
∫ 2π
0
dϕg(sˆ(ϕ, 0)) =
1
π
∫ π
0
dϕ
√
t21 cos
2 ϕ+ t22 sin
2 ϕ.
Let us now consider a rotation of sˆ. We can de-
compose any rotation into rotation about y axis in a
plane perpendicular to βˆ by η angle followed by rota-
tion about βˆ by µ angle. Then sˆ is transformed into
sˆ′, what corresponds to the change of parametrization
(ϕ, θ(ϕ)) → (ϕ′(ϕ), θ′(ϕ)) (see Fig. 3). In the ro-
tated framemaxA,T G(ρ(0, 0, T ); βˆ′;A, Tˇ ) =
∫
dsˆ′g(sˆ′) =
1
2π
∫ 2π
0
dϕg(sˆ′(ϕ′(ϕ), θ′(ϕ))) (for the explicit form of
g(sˆ′(φ′(ϕ), θ′(ϕ))) see (22) below).
We will need the following
Lemma.- The function f(x) =∫ 2π
0
dϕ
√
A−B sin2 ϕ+ x sin 2ϕ is decreasing func-
tion of x.
8Proof.- We have
∂
∂x
f(x) =
∫ 2π
0
dϕ
sinϕ cosϕ√
A−B sin2 ϕ+ x sin 2ϕ
= (21)
2
∫ pi
2
0
dϕ sinϕ cosϕ
(
1√
A−B sin2 ϕ+ x sin 2ϕ
−
1√
A−B sin2 ϕ− x sin 2ϕ
)
< 0.
To optimise the formula (12) (main text), we consider the function g(sˆ′(ϕ′(ϕ), θ′(ϕ))) which can be explicitly written
as
g(sˆ′(ϕ′(φ), θ′(ϕ))) =
√
〈Rβ(µ)Ry(η)sˆ|TT T |Rβ(µ)Ry(η)sˆ〉 = (22)√
cos2 ϕ
[
cos2 η(t21 cos
2 µ+ t22 sin
2 µ) + sin2 ηt23
]
+
1
2
sin 2ϕ sin 2µ cosη(t22 − t21) + sin2 ϕ(sin2 µt21 + cos2 µt22).
Now the following relation holds∫ 2π
0
dϕg(sˆ′(ϕ′(φ), θ′(ϕ))) = (23)
∫ 2π
0
dϕ
√
cos2 ϕ
[
cos2 η(t21 cos
2 µ+ t22 sin
2 µ) + sin2 ηt23
]
+
1
2
sin 2ϕ sin 2µ cosη(t22 − t21) + sin2 ϕ(sin2 µt21 + cos2 µt22) =∫ 2π
0
dϕ
√
(1− sin2 ϕ) [cos2 η(t21 cos2 µ+ t22 sin2 µ) + sin2 ηt23]+ 12 sin 2ϕ sin 2µ cos η(t22 − t21) + sin2 ϕ(sin2 µt21 + cos2 µt22) ≥∫ 2π
0
dϕ
√
cos2 ϕ
[
cos2 η(t21 cos
2 µ+ t22 sin
2 µ) + sin2 ηt23
]
+
1
2
sin 2ϕ sin 2µ(t22 − t21) + sin2 ϕ(sin2 µt21 + cos2 µt22) ≥∫ 2π
0
dϕ
√
cos2 ϕ(t21 cos
2 µ+ t22 sin
2 µ) +
1
2
sin 2ϕ sin 2µ(t22 − t21) + sin2 ϕ(sin2 µt21 + cos2 µt22) =∫ 2π
0
dϕ
√
t21 cos
2 ϕ+ t22 sin
2 ϕ =
∫ 2π
0
dϕg(sˆ(ϕ, 0)).
The first inequality follows from Lemma with A = cos2 η(t21 cos
2 µ + t22 sin
2 µ) + sin2 ηt23, B = cos
2 η(t21 cos
2 µ +
t22 sin
2 µ) + sin2 ηt23 − sin2 µt21 + cos2 µt22 and x = 12 sin 2ϕ sin 2µ cosη(t22 − t21). We increased x by setting cos η = 1.
The second inequality follows from the fact that t23 ≥ sin2 µt21 + cos2 µt22, the last equality from the fact that rotation
about βˆ direction by the angle µ does not change the value of the function.
Because
∫ 2π
0 dφg(sˆ(ϕ, 0)) ≤
∫ 2π
0 dφg(sˆ
′(ϕ′, θ′(ϕ))), mini-
mum over βˆ provides sˆ orthogonal to the largest eigen-
value of TT T . Taking this into account we have
min
β
max
A,Tˇ
G(ρ(0, 0, T ); βˆ;A, Tˇ ) = (24)
1
2π
∫ 2π
0
dφg(sˆ(ϕ, 0))
1
π
∫ π
0
dϕ
√
t21 cos
2 ϕ+ t22 sin
2 ϕ
Let us recall definition of the complete elliptic integral of
the second kind [16]
E(k) =
∫ pi
2
0
dϕ
√
1− k2 sin2 ϕ. (25)
Using this we get
min
β
max
A,Tˇ
G(ρ(0, 0, T ); βˆ;A, Tˇ ) =
=
2|t2|
π
E
(√
1− t
2
1
t22
)
. (26)
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